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1 Introduction 



Yangian is a Hopf algebra associated with the rational solutions of the quan- 
tum Yang-Baxter equation(YBE)|T[. In [Q, ||, M, it has been shown that the 
Yangian double VY(g), a quantum double of the Yangian||, is a relevant 
object to describe a mathematical structure of massive integrable quantum 
field theory. However, this idea has not yet been realized successfully. It 
seems that this is because only level-0 Yangian double has been considered, 
where infinite dimensional representations are lacking. This situation makes 
a contrast to the success in integrable spin chains, where the quantum affine 
algebras, a Hopf algebra associated with the trigonometric solutions of the 
quantum YBE, have been applied|6|, [[J. 

Recently, a breakthrough has been brought by Iohara, Kohno||, |9[ and 
Khoroshkin, Lebedev, Pakuliak[10, 11|. They have succeeded to define a 
central extension of the Yangian double T>Y(sl n ) by means of the Drin- 
feld currents^] and to obtain infinite dimensional representations which 
are analogous to the level- 1 highest weight representations of the affine Lie 
algebra sl n and the quantum affine algebra U q {sl n ). 

In this letter, we extend this line to the higher level representation for 
the central extension of T>Y{sl2)- We consider a representation of the level- 
k (7^ 0, —2) Drinfeld currents in terms of the three free bosonic fields <£, eft 
and x- This can be regarded as a deformation of the so-called Wakimoto 
construction of the affine Lie algebras [[Df]. As a consequence, an analogue 
of the level-A; Wakimoto modules are obtained as a certain restriction of the 
Fock spaces of these bosons. We also give a boson representation of vertex 
operators intertwining the resultant modules. 

This paper is organized as follows. In section 2, we briefly recall the 
definition of the central extension of the Yangian double T>Y{sl2)- In section 
3, introducing three bosonic fields we give a free field construction of the 
level-fc Drinfeld currents. In section 4, we point out the existence of a 
couple of operators called screening charges which commutes with all the 
currents. Their free field representation is also given. In section 5, we 
consider vertex operators called type I and type II in the terminology by 
Jimbo and MiwaQ and give their bosonized expressions. The final section 
is devoted to discussions. 
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2 Central extension of the Yangian double 

Definition 2.1 The central extension of the yangian double T>Y(sl2) 



10 1 is a Hopf algebra over C[[ft]] generated by the derivation operator d, 



central element c and the symbols e m , f m , h m , m G Z satisfying the following 
relations. 

[d, e(u)] = ^e(u), [d, /(«)] = ^f(u), [d, h±(u)] = ^(u), 

u-v + h 

e{u)e{v) = -etv)e{u), 

u — v — n 

/(«)/(«) = U ~ V ~ h h f(v)f(u), 
u — v + n 

^(u)e(i;) = U ~' ; + ^ e(t;)/t ± (n), (2.1) 
u — w — n 

h + (u)f{v) = n ""7^ + C ^ /(^ + W, 
u — w + (1 — cjn 

*"(«)/(«) = """"* /(«)/»-(«), 
u — v + n 

[h ± (u),h ± (v)]=0, 

u+f \ h - ( \ u-v + hu-v - (l + c)h + 

h + {u)h (v) = — — h (v)h + (u), 

u — v — Tiu — v + {1 — c)n 

[e(u), /(«)] = ^(5(u -(y + hc))h + (u) - 5{u - v)h~(v)), 
where 

■,±f„.\ l \^ „ „.-m-l r±(„.\ l t ,.-m-l 

1. i 



e ± (u) = ± £ ^n"™- 1 , /*(«) = ± f» 

m>0 m>0 
m<0 m<0 

^(u) = lift h m u~ m - 1 , (2.2) 



m>0 
m<0 



and 



e{u) = e + {u) - e~(u), f(u) = f + (u) - /"(«), 

n+m=— 1 



The coproduct is given by(L] 

A(d) = 1 + 1 ®d, A(c) = c<g>l + 1 
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A(e e (u)) = e e {u) 1 



+ 



+ h 2 f e (u + ft - 5 6i+ ch) e e (u - ^ecift) ~h £ (u) e e (u - ^ecift) 



A(h e (u)) = |1 1 + 7r/ e (u + ft - 5 e ,+cft) e e (u - ft - -ec x ft) 
xh e (u) h e (u — -ecih), 



A(/») = l0/> + ~ Cl ft) 



+ 
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(2.3) 



10 1 + ft f e (u + £ £>+ c 2 ft) e e (u - ft + -cift + (5 ei+ cft) 
x/ e (n + <5 £i+ c 2 ft) + ^cift + 5 e ,+cft), 
where ci = c 1, c 2 = 1 c, e = ±, 6+ t + = 1 and <5 +i _ = 0. 
Remark. The formulae ( |2,1[ ) and ( |2.3[ ) are converted to those in || by the 



following rule [14] 



H ± (uT-7ch) = h ± (u), E(u)=e(u), F(u + -eft) = /(«). (2.4) 



Note also 



/i e (u)e £ (u + ft) = e e (u - ft)ft e (u), 

h e (u)p(u - ft - <5 e ,+cft) = / e (u + ft - 5 e>+ cft)/i e (u). 



(2.5) 



3 Free bosons 

Let us introduce a Heisenberg algebra generated by a$ jT1 , a^ n , a Xi „ n G Z 
and a$, a^, a x , <9<j>, 9^, 9 X satisfying the commutation relations 



r i k+2 a w i fc+2 

N,mi a$,nj = — ^ — md m+n,o, [a$,a$J = — - — , 

[a0,m,«0,n] = ~ "M>m+n,0, [<9</>, a^,] = — 1, 



(3.1) 



with keC(^ 0,-2). 
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Let \l; s, t) be a vacuum state with <£, 0, %-charges I, —s, t: 

\l;s,t) = e iT2 a *+^+ ta x|o}, (3.2) 
ax,n\0) = 0, n>0, d x \0) = 

for X = x- Let J^ iSi t be a Fock space constructed on \l; s, t): 

with n, n', n" € Z>o- 

It is convenient to introduce generating functions X(u; A, B), X = <j>, \ 

X(u; A,B) = J2 ^^{u + Ah) n - £ °^{u + Bh)~ n 

n>0 n n>0 n 

+ log(« + Bft)a x + aA-. (3.4) 



We also use the notation X(u; A, A) = X(u; A). We denote by : : the normal 
ordered product 



:exp{X(u;A,B)} :=exp(V ^zH( u + Ah) n \e ax 

n J 

x{u + Bhf x exp{-J2 ^{u + Bh)- n } 

n>0 n 

and by a d u the difference operator 

Mu) = + 

Definition 3.1 The currents e(u), f(u) and h ± (u) acting on T\ s t are defined 
by 

e{u) = - : [ia u exp{-x(n;-(/c + 2))}]exp{-0(n;-(/c + l),-(/c + 2))} : 

(3.5) 

/(«)4:[exp{E^[(«-^)--«- ]}(^f 

n>0 

x exp{0(u; -1, 0) + x(«; -1)} 
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X exp{0(u; -{k + 3), -(k + 2)) + x (u; -(* + 2))}J : (3.6) 
_ exp{l: ^ |( „ _ (* + 2)S) -» _ („ _ tBr1 }(_^_) 8 * 

u — ktl \d<t, 



n>0 



exp{^ ^[(u - (jfe + 2)n)" n - (it - fcft) _n ]}( 



n>0 



u- (Jfe + 2)ft> 

(3.7) 



JT(«) = exp{£ ^r^-[(u - (k + 3)h) n ~ (u - h) n }} 



n>0 



(k + 2)n 



ex p{E ^f 1 ^ - ( k + 3 ) h ) n -(«-(* + i)&ri} 



(3.8) 



n>0 



We also define the operator d by 



d = d$ + d^ + d x , 

d§ = 7—— (a<&-\d<& + «$,-( n +i) a *,'. 

neZ>o 

= —a^-ld^ — 0</>,-(n+l) a (/>,n) 

nez >0 

4* = a X + E a X-{n+l) a X,n- 

neZ >0 



(3.9) 



Proposition 3.1 For X = <&,4>,x, 



n>0 



{m + n — l)\ n 

—, TTj , 7 a X,-(m+n), 



n > 1 



. ('_ N l« rr? i 

E ,1 „,;„, 7 n ^,m-n + (-) m 7 m ^, n>l 



0<n<m 



n>l 



(m — n)!n! 

QX,-n n 

n ' 



By direct calculation using (p7q)~ (]3.9|) , we have 

Theorem 3.1 By analytic continuation, the operator d and the currents 
e(u),f(u) h^(u) satisfy the same relations as (2A) with c = k on J-i S f 

We denote by VY(sl2)k the algebra generated by the currents e(u), f(u), h^(u) 
and d on Tut- 
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Remark. In the classical limit h ^ 0, the currents e(u), f(u), h^(u) tend to 
the bosonized form of the level-A; currents for the affine Lie algebra SI2' 



e(u) 



d e -x(u) 



f(u) —> (k + 2)d<f>(u) + (k + l)dx(u) + 2d<Z>(u) 
\(h + (u) - /»-(«)) -> 2(d<t>(u) + d$(u) 



3 x(u)+</>(u) 



with 



X(u) =a x + {\ogu)d x 



nGZ(^O) 



ax,n - n 
U , 

n 



X = 



In the same limit, the operator d is nothing but the L_i operator of the 
Virasoro algebra constructed via Sugawara form from the above classical 
currents. 

For the level-fc quantum affine algebra U q {sl2), an analogous free field 
representation was obtained in f 



16, 17, UM. 



4 Deformed Wakimoto modules 

It is easy to show 



Proposition 4.1 



[ e (u),fy + aj = o, [/^(Vi^ + aj 



0. 



0. 



We hence restrict the Fock space T^ S)t to the s = t sector without loss of 
generality. 

Remark. On ^7 )S)S , the currents e(u),f(u) and fa («) are single valued so 



that the expansion such as (|2.2D makes sense. 

Let us next consider the following operators. 

£(u) =: exp{- X (n; -(k + 2))} :, rj(u) =: exp{ X (u; -(k + 2))} : 
We have 



€(u)rj(v) = -rj(v)£(u) 



u — V 



(4.1) 
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Here ~ means that the relation holds modulo regular terms. The fields 
£(u) and 77(14) are single valued on T^ s ^ s s € Z. From (fOj), the zero-modes 
& = § 2^£( n ) and Vo = § ^v(u) anticommute {£o,r/o} = 0. Note also 
£q = = t]q. In addition, the following equations hold in the sense of 
analytic continuation. 

Proposition 4.2 

/i ± (u)r/(t;) = r/(t;)/i ± (ti) ~ 0, 
f(u)f](v) = -r](v)f(u) ~ 0, 
e{u)rj{v) = —r](v)e(u) 

~ id v ( 1 —r exp{-(/>(u; —(k + 2), -(* + 3))}) . 

Therefore the zero-mode t]q commutes with the action of T)Y{sl2)k- 

From this we restrict the Fock space J-~i tS ,s to the kernel of r/o- We hence 
arrive at the deformation of the Wakimoto modules 

Ti = Ker(r/ : Fi, s , a -> ^ jS)S+ i). (4.2) 

For the level— A: U q (sl2), the g— deformation of the Wakimoto modules 
were obtained in |2(| ^TJ . 

Remark. For m > 

— u m e(u)|l;0,0) 

= /^n-Ife-E^o^^-^+W _ e -E„>o^("-( fc + 2 ) R ) n 
J 2m h\ 

xe ^«>o » v y ; |/; 0, 0) 
= 0. (4.3) 

In the same way, for m > 0, 



/ m |i;0,0) = 5 mfi 2l\l;0,0) 



oo 

+ 

a=2 

du 



f ± u m-a e Y n>0 ^(-^+E„>o |j. 0, 0), 1 + 0, 

7 27T? 
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/ m |0;0,0) =0, 

21 

M*;0,o) =<Wj^|J;0,o) 

+( i- 5m , o) ((* + 2, ftr g a , ( ,_ l o)!(m _J +1) , (^) l';o,o). 

m+l>a 

Hence the states |£; 0, 0) are not the highest weight states in the usual sense 
except for the case I = 0. However, |/;0,0) / ^ recovers the highest 
weight state conditions in the limit 7l — > 0. We hence identify the state 
\l; 0, 0) with the highest weight state |A;) in the affine Lie algebra s/2, where 
\i = (k — 1)Aq + lAi are dominant integral weights of level— k with Ao and 
Ai being the fundamental weights. This identification is natural, because 
the zero- modes of the free bosons ( |3.1| ) are not affected by the deformations. 
Next we consider the screening operator defined by 

S ( U )[J] = : [Aexp{-x(u;-l)}]exp{-0(u;-l,O)} : 

P l ^ Q (k + 2)n K > jM u -{k + 2) 3 h ) 



x exp{f] — [(« - ( k + - (« ~ (2 + (fc + 2)m~ n } 

j=0 n>0 H 

(4.4) 



with J E Z>o- 
We have 



Proposition 4.3 

h + (u)S(v) [Jl =S(v) [Jl h+(u)~0, 
e( u )S(v)[j] = S(v) {J] e(u) ~ 0, 
S»[j]?7(w) = v(v)S(u) {J] 

~ - A ( ^^(^^ exp{-^; -(* + 3), -(* + 2))} 

J 



x exp /_ y- 2a ^ n v n \e-^ a « nf v -( 1 + ( k+2 ^ h 
x ex p{E £—[(«- (-1 + (* + 2 )^r n - (« - (1 + (* + 2)j»^ n ]}), 

j=0n>0 " 
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[S( U ) [J] ,d 4> + d x } = 0. 

In addition, in the limit J — > oo ; 

h-(u)S(v) = S(v)h-(u) ~ 0, 
/(it)S(«) = 



n>0 



™ , v-(2 + (k + 2)j)h sd* 
Ml v-(k + 2)jh ) 



xe fe + 2a * 



j'=l 



x exp{]T J2 — [(« - ( fc + 2 )^)~ n - (« - (2 + (fc + 2)j»^]}), 

3=1 n>0 n 

where S(u) = limj^oo S(it)[ji. 

Therefore the screening charge S = § ^^S( U )\J] commutes with all the cur- 
rents in T>Y(sl2)k an d ?7o in the limit J — > oo. The charge 5 yields a linear 
map 5 : T\ -» ^i_ 2 . 



5 Vertex operators 



C[[/i]]w m be the Z + 1-dim representation of sZ2- Let 



Let 7W = © m=Q 

Vu = V"(0 8) C[[ft]][[it -1 , u] be the evaluation module on which the action 
of VY(sl2)k is defined by the following relations ]22|]. 



e n (w m ®u a ) 
fn{w m ®u a ) 
K(w m ® n a ; 



Z — 2m + 1 \n 
m(iH ft (w m _i (2) u ), 



Z-2m — l.\n 
uH h) {w m+ i®u), 



(Z-m)( 

(m + 1)(Z — m) f 

/. s( Z-2m + l 
-m(Z — m + 1) ( u H n 



(5.1) 



Z - 2m - 1 
u H a 



(w m <g> u a ) 



-a{w m <S> u 



a-l\ 



for a, n G Z, where we set io_i = ufy+i = 0. 
Let \i be the dominant integral weights. 
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Definition 5.1 The type I and the type II vertex operators are the following 
intertwiners. 

Type I <S> X x f il \u) : T h ^ T h ®V«\ 
Type II ^ V(l) (u) : T h -> V® ® T h . 



satisfying 



'i 



)x = A(x)$ A 3 ' (u), 



y** y (u)x = A(x)* A ' 3 (u), for Va; G Py(aZ 2 )fe- (5-2) 

ll li 

We normalize the vertex operators as follows. 

$ X x l l 3V(l \u)\\ h ) = \\ l3 )®w m + ---, (5.3) 
* X x f {l \u)\\ h ) = w m ®\\ h ) + --- (5.4) 

with m = + — h) /2. Expanding $ A 3 (u) and ^ A 3 (u) in a formal 
series 

( n ) = ®l,™(u)®W m , (5.5) 
m=0 

( U ) = Z2 W ™ ® */,"»(«). ( 5 - 6 ) 
m=0 



we obtain from (2.3) and (5.1) the following intertwining relations. 

Lemma 5.1 

Type I : (I - m + l)$ ijm _i(«) = [*j, TO (u), /o], 
[*,,,(«), e(v)] =0, 

v - u- k ~ l+1 h 

fc+(«)* w (u) = fc^ir*i,i(«)/i + («), 

v — u— n 

h (v)<f> ltl {u) = t .i_ 1 ^ i,iM/t 

Type II : (m + l)*j >m+ i(«) = [¥i, m (u), e ], 
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[*i,o(u),f(v)]=0, 

y y I — 1 ^ 

v — -u + 

Lemma 5.2 The following vertex operators satisfy the intertwining relations 
in Lemma 5.1 in the limit J — > oo and <5 — > 0. 

^,m(«)[J,<5] = 77— Tj [- • • [*i,i(«)[J,fl. M ■ ■ ■ fo], (5.7) 

l—m 

*i,m(«)[j,«] = — r[-" [*i,o(«)[j,«],eo] •••e ], (m = 0, 1,..,Z) (5.8) 

777.. v ^ 

m 

$Z,z(^)[J,<5] 

= exp{^[cD(-)(n; + 2 j ; - fc ~^~ 1 + 2j) + $H(0; 2 + <5 + 2j; 2j)]} 

xe fcT2 a * 

x exp{- J] <*> {+ V; " ( fe + 2 ^ -^r^ — (fc + 2)j)}, (5.9) 

*J,o(«)[j,fl 

= exp{f>H( u; Izi _ k + 2 j; -*±A - A; + 2j) + *H( 0; 2 + 5 + 2j; 2j)]} 

x exp{- ]T * (+) («; - (* + 2)j; ^ - (k + 2)j)} 

j'=i 

xexp{^>(u; — fc, k) + X {u;— (5.10) 



where 



$(-) (u; A; B) = £ t^-[(« + ^)" - (u + Bft) B ] (5.11) 

n>0 ^ + l > n 

d>W («; A; B) = £ ^[(« + - (u + BUT) - [log(^|)l 



n>0 n 



(5.12) 
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From this and the remark below the proposition 4.3, we arrive at the fol- 
lowing theorem. 



Theorem5.1 The vertex operators 



*S; v0) («) = E*}»®™ 



(r) 



m=0 



m=0 
I 



(5.13) 
(5.14) 



with 



(//)A i3 V« 



U) £ ^ / ^ " ' / ^V( U )M%)[J1 S (*2)[J] • • • S (*r)[J], 



u) freing i/ie normalization function 



where 2r = l\ + I — Z3 and g A 
determined by the condition (5.S) and ( \5.4\ ), gives the intertwiner in Def- 
initions. 1 in the limit J — > 00 and 5 — > 0. T/ie contour C is depicted in 
Fig.im 



6 Discussion 



We have constructed a free field representation of the level-A; Drinfeld cur- 
rents for the Yangian double T>Y{sl2)k an d screening operators. As a result, 
we have obtained a deformation of the level-A; Wakimoto modules. We also 
have realized the type I and type II vertex operators intertwining these 
modules. 

A possible application of the results is a calculation of correlation func- 
tions in massive integrable quantum field theory such as higher spin SU{2) 
invariant Thirring model and in higher spin XXX spin chains. For this pur- 
pose, one has to make a precise identification of the space of states with the 
deformed Wakimoto modules. It is also an important problem to derive the 
deformation of the Knizhnik-Zamolodchikov equation^], |j] in the framework 
of free field representation. 

We hope to discuss these problems in future publication. 
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